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Detecting quantumness of correlations (especially entanglement) is a very hard task even in the
simplest case i.e. two-partite quantum systems. Here we provide an analysis whether there exists a
relation between two most popular types of entanglement identifiers: the first one based on positive
maps and not directly applicable in laboratory and the second one — geometric entanglement
identifier which is based on specific Hermiticity-preserving maps. We show a profound relation
between those two types of entanglement criteria. Hereunder we have proposed a general framework
of nonlinear functional entanglement identifiers which allows us to construct new experimentally
friendly entanglement criteria.
I. INTRODUCTION
The problem of efficient characterization of quantum
entanglement lies at the heart of quantum information
science [1, 2]. It is highly nontrivial even in the sim-
plest case of a bipartite scenario, since whenever the di-
mension of the entire state space is greater than 6 there
are no universal efficient methods to check, whether a
given state is entangled or not [3]. When it comes to a
general characterization of bipartite entanglement, there
were proposed two seemingly different complete (neces-
sary and sufficient) entanglement criteria. The first one
is the positive map criterion [3]:
ρ is entangled ⇐⇒ ∃Λ(1l⊗ Λ)ρ  0. (1)
Intuitively this condition is based on the fact, that per-
forming a locally allowed operation on a part of an entan-
gled system may spoil the structure of the entire state,
making it unphysical. The most well known map Λ is the
transposition map T , which detects entanglement of all
two-qubit and qubit-qutrit states [3]. There has been an
attempt to generalize this approach for detection of gen-
uine multipartite entanglement [4–7], however no general
construction of such criteria, which would be optimal for
arbitrary state exists.
The second group of entanglement indicators involves
so called geometric criteria [8–12], which in the simplest
bipartite case read [13]:
ρ is entangled ⇐⇒
∃G|Tr(ρG[ρ])≥0∀ρ1,ρ2Tr(ρ.G[ρ1 ⊗ ρ2]) < Tr(ρ.G[ρ]). (2)
These criteria are based on specific Hermiticity-
preserving maps G, which fulfill a specific positivity con-
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dition Tr(ρG[ρ]) ≥ 0, and can be treated as metric ten-
sors. The above condition is based on approximating
the norm of investigated state by a scalar product with
any product state in any convenient metric, and in fact
it can be treated as the most general implementation of
the Hahn-Banach separation theorem. This group of cri-
teria can be directly generalized to provide a necessary
and sufficient condition of arbitrary level of separabil-
ity (involving genuine multipartite entanglement) for any
number N of finite-dimensional systems [8]:
ρ is not k-separable ⇐⇒
∀pi∃Gpi|Tr(ρGpi[ρ])≥0∀ρk-prodTr(ρ.Gpi [ρk-prod]) < Tr(ρ.Gpi[ρ]),
(3)
in which pi denotes a partition of N systems into k sub-
systems, Gpi is a metric operator consistent with the par-
tition pi, and ρk-prod denotes a state which is k-product
with respect to the partition pi. If we take k = 2, the con-
dition rejects the possibility that a state ρ is biseparable
in some partition, therefore proving that it is genuinely
N -partite entangled. The geometric entanglement crite-
ria belong to a wider class of geometric nonlinear entan-
glement indicators (often called nonlinear entanglement
witnesses) [14–17], however they are distinguished by the
fact of completeness.
The question arises whether the above two families of
complete bipartite entanglement criteria are in any way
related to each other, in a deeper sense from the fact
that they define the same sets of states. In this work we
explicitly show that such a deep relation exists, namely
each entanglement identifier of the form (2) can be trans-
lated to a positive-map-based criterion (1), which detects
entanglement of at least the same set of states. In order
to obtain the relation, we introduce a much more general
framework for entanglement detection based on nonlinear
functionals, which itself has no geometric interpretation.
Within this scenario we show, that each functional-based
2nonlinear entanglement identifier can be effectively trans-
lated to a positive-map-based criterion, and that the geo-
metrical criteria (2) are a subset of such identifiers. The
construction of a positive map which corresponds to a
functional identifier is effectively one-way, which means
that it cannot be effectively reversed. Namely, the con-
struction of a map given nonlinear identifier is simple and
straightforward, however finding identifiers which would
correspond to a fixed positive map involves solving highly
nonlinear systems of equations and therefore cannot be
done efficiently in general case. Interestingly, it can be
easily done in the case of a positive partial transpose
(PPT) map for two-qubit systems, which is distinguished
as a universal map detecting enetanglement of arbitrary
two-qubits states [3, 18]. Further we show that our gen-
eralized framework of nonlinear functional entanglement
identifiers allows for an easy construction of new exper-
imentally friendly entanglement criteria which are much
more efficient than the geometric ones. As a final remark
we discuss why the relation between functional criteria
and map-based criteria cannot be extended for the case
of multipartite entanglement.
II. GENERAL NON-LINEAR BIPARTITE
ENTANGLEMENT IDENTIFIER AND ITS
POSITIVE-MAP-BASED VERSION
A. Functional form of the identifier
In this section we define within a few steps the most
general form of a non-linear entanglement identifier and
discuss its properties. Let us assume we deal with a
bipartite system of local dimensions dA and dB respec-
tively. The starting point of the construction is a (pos-
sibly non-linear) map G acting on the space of matrices
of dimension dA · dB. The only restriction on the map G
is that it must be Hermiticity-preserving. Further let us
define a non-linear 2-form (2-argument functional):
ω˜G(σ, ρ) = Tr(σ G[ρ]), (4)
which acts on arbitrary states on the joint space HA ⊗
HB. Due to the assumption of Hermiticity-preserving of
G, the functional ω˜G takes only real values. Therefore it
is meaningful to define the following functional:
ω˜0(ρ) = max
σsep
ω˜G(σsep, ρ), (5)
which intuitively gives the maximal overlap between a
given state ρ and a set of separable states. Since ω˜G is
linear in the first argument, the maximization in ω˜0 can
be done only over a set of pure product states:
max
σsep
ω˜G(σsep, ρ) = max{pi},σprod
∑
i
piω˜G(σprod, ρ)
= max
σprod
ω˜G(σprod, ρ). (6)
Now we introduce the following functional:
ωG(ρ) = ω˜0(ρ)− ω˜G(ρ, ρ), (7)
which turns out to be a general entanglement identifier:
Proposition 1. For any Hermiticity-preserving map
G, the functional ωG(ρ) is an entanglement identifier,
namely:
ωG(ρ) < 0 =⇒ ρ is entangled. (8)
Proof. Indeed, ωG(ρ) < 0 implies that:
max
σprod
ω˜G(σprod, ρ) < ω˜G(ρ, ρ), (9)
which cannot hold for any separable state ρ.
Remark 1. Note that the condition (8) is purely alge-
braic, and in principle need not have any geometric in-
terpretation.
Remark 2. Note that the functional ωG is nonlinear
even for a linear map G since the maximization present
in (7) is a highly nonlinear operation.
B. Positive-map-based condition corresponding to
an identifier
In full analogy to the case of ordinary entanglement
witnesses [6, 19] each entanglement identifier of the form
(8) gives rise to a positive map, which detects entangle-
ment of at least the same set of states as the identifier.
The difference is that in our construction the map explic-
itly depends on the state on which the functional identi-
fier acts. To see this let us rewrite the condition (7) in a
witness-like form:
ωG(ρ) = ω˜0(ρ)− Tr(ρG[ρ]) = Tr (ρ(ω˜0(ρ)1− G[ρ])) ,
(10)
and let us introduce new Hermiticity-preserving map
WG [ρ] = ω˜0(ρ)1−G[ρ]. Since now the condition (8) takes
the following form:
Tr(ρWG [ρ]) < 0, (11)
the operatorWG [ρ] (seen as a state ρ transformed by the
map WG) can be seen as a nonlinear state-dependent en-
tanglement witness. Now the standard relation between
entanglement witnesses and maps can be used in the fol-
lowing way [3]. Let {σAi } and {σBi } be two Hermitian
orthonormal operator bases with normalization given by
Tr(σiσj) = 2δij. Let us denote by w
G,ρ
ij matrix elements
of WG [ρ] in the introduced bases:
wG,ρij = Tr(WG [ρ]σ
A
i ⊗ σBj ). (12)
Using these coefficients we can represent the operator
WG [ρ] in the following form:
WG [ρ] =
1
4
∑
ij
wG,ρij σ
A
i ⊗ σBj , (13)
3in which the coefficient 14 arises as a compensation for
the nontrivial basis normalization Tr(σiσj) = 2δij. We
will use the following simple version of the celebrated
Choi-Jamiołkowski isomorphism [20–22] (for an intuitive
introduction to the subject see Appendix A):
Lemma 1. For any local Hermitian operator bases {σAi }
and {σBi } we define a linear map ΛG,ρ as
ΛG,ρ[λ] =
∑
i,j
1
4
wG,ρij Tr
(
σAi λ
)
σBj , (14)
then the following identity holds:
WG [ρ] = (1l⊗ ΛG,ρ)
[
1
2
∑
m
σAm ⊗ σAm
]
. (15)
Proof.
(1l⊗ ΛG,ρ)
[
1
2
∑
m
σAm ⊗ σAm
]
(16)
=
1
2
∑
m

σAm ⊗∑
i,j
1
4
wG,ρij Tr
(
σAi σm
)
σBj


=
1
2
∑
m

σAm ⊗∑
i,j
2δim
1
4
wG,ρij σ
B
j


=
∑
ij
(
1
4
wG,ρij σ
A
i ⊗ σBj
)
=WG [ρ]. (17)
Note that the map ΛG,ρ is positive, which holds due
to the Choi’s theorem. Choi’s theorem [21] states, that a
map Λ is positive if and only if its matrix representation
ρΛ given by ρΛ = (1l⊗ Λ)ρΦ+ is block-positive, in which
the operator ρΦ+ is given by:
ρΦ+ =
∑
m
σAm ⊗
(
σAm
)T
. (18)
This means that: Tr(ρ1 ⊗ ρ2ρΛ) ≥ 0 for any pure states
ρ1 and ρ2. The operator WG [ρ] is block-positive for any
G and ρ, since:
Tr(ρ1 ⊗ ρ2WG [ρ]) = Tr(ρ1 ⊗ ρ2(ω˜0(ρ)1l− G[ρ]))
= ω˜0(ρ)− Tr(ρ1 ⊗ ρ2G[ρ]) ≥ 0. (19)
The last inequality holds due to the definition of ω˜0(ρ)
(5). This implies that the map ΛG,ρ is a positive map for
any G and ρ.
Before proceeding further we would need to introduce
three further technical tools. Firstly, we need a notion
of a dual map, which allows one to switch the action of
the map inbetween two operators under trace. We call
a map Λd ∈ L(L(HB),L(HA)) dual to the map Λ ∈
L(L(HA),L(HB)) if is is dual with respect to Hilbert
Schmidt inner product, i.e.:
∀α1∈L(HB),α2∈L(HA)Tr(α∗1Λ[α2]) = Tr((Λd[α1])∗α2).
(20)
The proof of the following proposition is postponed to
the Appendix B.
Proposition 2. A map dual to (14) is given by the fol-
lowing formula:
ΛdG,ρ[λ] =
∑
ij
wG,ρij Tr
(
σBj λ
)
σAi . (21)
Secondly we would need a property connected with
taking the dual of a map composed with the transposi-
tion map T . Since (Λ1 ◦ Λ2)d = Λd2 ◦ Λd1, we obtain the
following fact:
Proposition 3. For any linear map Λ the following
property holds
(Λ ◦ T )d = T ◦ Λd. (22)
Finally we need a characterization of the maximally
entangled operator
∑
m σ
A
m⊗σAm that appears in the iso-
morphism (15):
Proposition 4. Let {σi} be a collection of Hermi-
tian matrices which forms an orthonormal basis on the
Hilbert-Schmidt space of d×d matrices. Then the follow-
ing relation holds:∑
m
σm ⊗ σm = (1l⊗ T )ρΦ+ , (23)
in which ρΦ+ (18) is a projector onto an unnormalized
maximally entangled state |Φ+〉 = ∑i |ii〉 in dimension
d.
Proof. See Appendix C.
Now we are ready to present a transition from a func-
tional entanglement identifier (11) to a positive-map con-
dition in a concise way. Firstly using the introduced no-
tation we can rewrite (15) in the following way:
WG [ρ] = (1l⊗ ΛG,ρ ◦ T ) [ρΦ+ ], (24)
in which we put the factor of 12 into the unnormalized
state ρΦ+ . Then the entanglement identifier (11) reads:
Tr (ρ (1l⊗ ΛG,ρ ◦ T ) [ρΦ+ ]) < 0, (25)
and after taking the dual maps we obtain:
Tr
(
ρΦ+
(
1l⊗ T ◦ ΛdG,ρ
)
[ρ]
)
< 0. (26)
Since ρΦ+ is a one-dimensional projector, and the map
T ◦ ΛdG,ρ is positive, the condition (25) implies that:(
1l⊗ T ◦ ΛdG,ρ
)
[ρ]  0. (27)
All the discussion can be summarized as follows:
4Theorem 1. If an entanglement identifier ωG [ρ] (7)
detects bipartite entanglement of a state ρ for some
Hermiticity-preserving map G, then a positive map T ◦
ΛdG,ρ also detects entanglement of ρ via condition:(
1l⊗ T ◦ ΛdG,ρ
)
[ρ]  0. (28)
Given orthonormal Hermitian bases {σAi } and {σBi } the
map ΛdG,ρ can be explicitly expressed as:
ΛdG,ρ[λ] =
∑
ij
1
4
wG,ρij Tr
(
σBj λ
)
σAi , (29)
in which wG,ρij are matrix elements of an operator
ω˜0(ρ)1− G[ρ].
Two comments are necessary here. Firstly the positive
map T ◦ ΛdG,ρ can in principle detect entanglement of
a broaden class of states than the functional ωG , which
means that there can exist a state λ such that ωG [λ] ≥ 0,
but
(
1l⊗ T ◦ ΛdG,ρ
)
[λ]  0. We will give an instructive
example in the following sections. Secondly although the
map ΛdG,ρ is linear, the entanglement condition (28) is not
linear, since for a given fixed G the map ΛdG,ρ is explicitly
adjusted to the state it acts on.
C. Experimentally friendly form of an
entanglement identifier
We call an entanglement identifier experimentally
friendly if it can be efficiently evaluated using only lo-
cal measurements on an investigated state. Any bipar-
tite quantum state ρ can be expressed in local Hermitian
bases {σAi } and {σBj } fulfilling Tr(σAi σAj ) = Tr(σBi σBj ) =
2δij in the following form:
ρ =
1
4
∑
ij
Tijσ
A
i ⊗ σBj , (30)
in which the normalization is chosen such that the coeffi-
cients Tij fulfill −1 ≥ Tij ≥ 1 whether at least one index
is non zero. T00 = 2d is chosen such that Tr(ρ) = 1 and
the prefactor of 4 is chosen to compensate for the factor 2
in the normalization of the bases. The set of coefficients
{Tij} is called a correlation tensor of a state ρ, since it
represents average values of correlations:
Tij = Tr(ρσ
A
i ⊗ σBj ), (31)
and transforms as a tensor under local unitary opera-
tions done on subsystems. The entanglement identifier
ωG is experimentally friendly if and only if G[ρ] can be
effectively expressed as some function of elements of a
correlation tensor Tij of ρ. This holds for example when-
ever the map G is linear, since then:
G[ρ] = 1
4
∑
ij
TijG(σAi ⊗ σBj ).
(32)
However, any linear transformation of a simple tensor
σAi ⊗ σBj can be expressed in terms of a tensor operator
Gˆ, which has the following form in chosen coordinates:
G(σAi ⊗ σBj ) =
∑
kl
Gijklσ
A
k ⊗ σBl . (33)
Joining (32) and (33) we obtain:
G[ρ] = 1
4
∑
ijkl
TijG
ij
klσ
A
k ⊗ σBl
=
1
4
∑
kl

∑
ij
GijklTij

 σAk ⊗ σBl . (34)
In the above formula we can think of a tensor operator
Gˆ as acting on the correlation tensor Tˆ of the state ρ.
This is because our operator basis σAk ⊗ σBl is orthonor-
mal and can be thought of as a Cartesian basis in the
space of operators on the tensor product of two Hilbert
spaces. Therefore we do not need to distinguish between
covariant and contravariant coordinates, and both the
coefficients of a tensor and the basis elements transform
in the same way.
If the map G is not linear the operator G[ρ] cannot be in
general presented as a function of the coefficients Tij . On
the other hand we can construct a nonlinear map G which
leads to experimentally friendly entanglement indentifier.
We propose the following form of such a map:
G[ρ] = 1
4
∑
kl

∑
ij
Gijklf(Tij)

 σAk ⊗ σBl , (35)
in which f(x) is an arbitrary real function applied el-
ementwise to the tensor Tˆ . We will show that such a
construction leads to an extremely useful experimentally
friendly entanglement identifiers.
III. EXAMPLES
A. Linear geometrical entanglement criteria
In this section we will use the introduced formalism for
a reconsideration of the so called geometrical criteria for
entanglement introduced in [13] and further developed in
a series of works [8–12]. All the criteria of this type are
based on an entanglement identifier (7) generated by the
map G which is linear (34) and which fulfills the following
condition:
Tr(ρG[ρ]) ≥ 0, (36)
which should hold for all states ρ. In the case when
condition (36) is satisfied for all Hermitian matrices, it
allows one to treat the above expression as a seminorm
||ρ||G = Tr(ρG[ρ]), which induces a pseudometric:
dG(ρ, σ) = ||ρ− σ||G . (37)
5The prefixes semi and pseudo denote the fact, that in
these type of criteria one do not impose the condition:
||ρ||G = 0 =⇒ ρ = 0, (38)
which means that a non-zero matrix can have zero norm.
The metric (37) generated by the linear map G (36) can
be seen as a generalization of the Hilbert-Schmidt met-
ric, whereas the 2-form ω˜G (4) can be treated as an inner
product. When the condition (36) is satisfied for all Her-
mitian matrices, then G must be Hermiticity preserving
and the form:
Tr(X∗G[X ]) (39)
is positive for any matrix X . This follows from linear-
ity and decomposition of any matrix X to the sum of
Hermitian and anti-Hermitian matrix. The above con-
siderations lead to the conclusion, that G treated as a
linear operator must be positive semidefinite. The map
G (36) itself in its tensor representation Gˆ (34) can be
treated as a metric tensor, however taken in the frame-
work of multilinear algebra and not differential geometry.
This is because in our construction the concrete choice of
the linear map G, which is positive in the sense of (36),
determines the global distance between any two vectors
(37), whereas in differential geometry one starts from a
metric tensor which determines an infinitesimal distance
and this distance has to be extended to a global distance
via integration.
The entanglement identifier (7) based on map (36) has
a simple geometric interpretation. Namely, the entangle-
ment condition (8) can be explicitly expressed as:
max
σprod
ω˜G(σprod, ρ) < ω˜G(ρ, ρ), (40)
which means that if some state ρ, treated here as a vector,
follows the property that its inner product with any of
the extremal elements of some convex set is strictly lower
than the inner product of ρ with itself, then the vector
ρ cannot be an element of the convex set. The convex
set under consideration is typically chosen as the set of
separable states, however it can be as well chosen in a
different way, as for example the set of PPT states [23]
(which are all states with positive partial transpose).
Although the entanglement condition (40) is based on
a linear map G, and it can be presented in a witness-
like form (11) it is in fact manifestly nonlinear due to
two reasons. Firstly the RHS of (40) is for any linear
G a quadratic form of matrix elements of the state ρ,
secondly, the LHS of (40) is a maximization of the in-
ner product with respect to extremal elements of some
convex set, which is in principle a highly non-linear op-
eration. Former works on metric entanglement criteria
lacked direct visualization of this fact, therefore we pro-
vide it here. Let us assume that G[ρ] is determined via
formula (34) by the so called standard improper metric
tensor Gˆ, with elements defined by:
Gijkl = δikδjl[i, j 6= 0], (41)
in which [p] denotes the logical value of proposition p. In
simple words the metric tensor (41) acting on the state
determined by a correlation tensor Tˆ cancels all the local
averages and keeps unchanged full two-point correlations.
We consider two classes of states. The first is the class of
two-parameter Bell-diagonal states of two qubits of the
form:
ρBD = a
∣∣Φ+〉 〈Φ+∣∣+ b ∣∣Φ−〉 〈Φ−∣∣+ (1− a− b)
4
1l
,(42)
whereas the second class is the 3-parameter class of two-
qubit states, the correlation tensor of which contains as
nonzero terms only the diagonal full correlation terms
T11 = p, T22 = q and T33 = r. The second class of
states, known as Weyl states, was thoroughly discussed
in [24], whereas the first class is actually the subclass of
it, which we discuss for the sake of simple geometrical
visualization (see also [15]). Let us first discuss the case
of Bell diagonal states (42). This family of states has
two parameters, which we represent as two orthogonal
directions on the plane (see Fig. 1). The set of all phys-
ical (properly normalized states), fulfilling a + b ≤ 1 is
represented by the right angle triangle, whereas the set
of separable states from this class (which can be veri-
fied with PPT condition) is represented by the internal
deltoid. The entanglement identifier (40) with standard
metric tensor (41) is in this case given by a quadratic con-
dition a+ b+ 2ab− 3(a2 + b2) < 0, which geometrically
gives an ellipse which circumscribes the deltoid of sep-
arable states. The condition (40) detects entanglement
of states that lie outside the ellipse. Let us now discuss
the second family of states. The three diagonal elements
of the correlation tensor, which parametrize the family,
can be represented as three orthogonal directions in space
(see Fig. 2). The set of all physical states is represented
by the shaded tetrahedron, whereas the set of separable
states is depicted by the inscribed octahedron. In this
case the entanglement identifier (40) with the standard
metric evaluates to a more nonlinear expression of the
form:
p2 + q2 + r2 −max(|p|, |q|, |r|) < 0, (43)
which is represented by the orange curved surface. The
states which lie outside this surface are recognized as en-
tanglement by the indicator.
Insofar we discussed only one choice of the metric ten-
sor Gˆ, hence the question arises how one should search for
a proper metric tensor to detect entanglement of a given
class of states. As we saw in the examples, the standard
metric tensor (41) is not able to detect entanglement of
all states from discussed families. Can we effectively find
a metric tensor which detects entanglement of arbitrary
bipartite state? The answer is negative. In [8, 13] it was
shown that for every state ρ there exists a metric tensor
Gˆopt that leads to detection of entanglement of this state,
given by the following expression:
Gˆopt = |ρ− ρ0)(ρ− ρ0|, (44)
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FIG. 1. Entanglement detection of Bell diagonal states (42).
Separable states are enclosed in the central deltoid (blue solid
line). The nonlinear indicator ωG (8) with standard metric
(41) detects entanglement of states outside the elipse (green
dotted line). For comparison we present also the set of en-
tangled states detected by the indicator (8) generated by ex-
plicitly nonlinear map G (35) with f(x) = x3 (red dashed
line).
in which ρ0 denotes the closest separable state in the
Hilbert-Schmidt metric and the operator on the RHS is
a projector in the Hilbert-Schmidt space of operators.
Since the problem of finding the closest separable state
to a given state is in general as complex as identifying
whether the given state is separable or not, this choice of
metric cannot be treated as effectively findable. In this
point of the discussion we reach the main advantage of
the general entanglement identifiers (8). We may try to
guess the form of a map G and check whether it leads to
a detection of entanglement of a given state.
As we discussed in the previous section, every func-
tional entanglement identifier of the form (8) can be used
to construct a positive map (29), which detects entangle-
ment of at least the same states as the identifier.
Proposition 5. In the case of a linear map G (34), the
positive map corresponding to the identifier generated by
G, which is applied to a state ρ, is explicitly given by the
formula:
Λd
Gˆ,ρ
[λ] =
∑
ijkl
1
4
(T˜ij −GklijTkl)Tr
(
σBj λ
)
σAi , (45)
FIG. 2. Entanglement detection of Weyl states with stan-
dard metric G (41). All physical states are enclosed in the
grey tetrahedron. Separable states are enclosed in the central
green octahedron. The nonlinear indicator ωG (8) detects
entanglement of states outside the curved orange region.
in which the tensor T˜ is defined by:
T˜ij =


√
dAdB
2 Tmax[ρ]
=
√
dAdB
2 maxXˆ,Yˆ
∑
klmnXkYlG
kl
mnTmn, i = j = 0,
0 otherwise.
(46)
Proof. See Appendix D.
Let us discuss two simple examples of such maps in
the case of two-qubit systems taken for a standard met-
ric tensor (41) and two different initial states: the sin-
glet state and the Werner state. The non-vanishing cor-
relation tensor components of the Bell’s singlet state
(|φ−〉 = 1√
2
(|01〉 − |10〉)) are: Txx = Tyy = Tzz = −1.
Hence, the map (45) takes the following form:
Λd
Gˆ,|φ−〉[ρ] =
Tmax[ρ]
4
Tr(ρ)1+
1
4
Tr(σxx)σx
−1
4
Tr(σyx)σy +
1
4
Tr(σzx)σz, (47)
in which the function Tmax is defined in (46). Apply-
ing the transformation (28) with the above positive map
to a singlet state, one gets an operator with eigenval-
ues {− 14 , 14 , 14 , 14}. Therefore the map (47) detects entan-
glement of the singlet state. On the other hand it also
7detects the entanglement of the Werner state:
ρW = v|φ+〉〈φ+|+ 1− v
4
1, (48)
in which |φ+〉 = 1√
2
(|00〉 + |11〉). Indeed, the
eigenvalues of the operator
(
1l⊗ T ◦ Λd
Gˆ,|φ−〉
)
[ρW ] are{
1
8 (1 − 3v), v+18 , v+18 , v+18
}
, hence the entanglement of
ρW is detected for v > 13 . Now let us construct the map
(29) starting from the Werner’s state (48). The non-
vanishing correlation tensor components of the Werner’s
state are: Txx = Tzz = −Tyy = v. Hence, the map (29)
takes the following form:
Λd
Gˆ,ρW
[ρ] =
Tmax[ρ]
4
Tr(ρ)1− v
4
Tr(σxx)σx
−v
4
Tr(σyx)σy − v
4
Tr(σzx)σz (49)
Applying the transformation (28) to the Werner state
(48) one obtains operator with eigenvalues{
1
8 (1 − 3v)v, 18v(v + 1), 18v(v + 1), 18v(v + 1)
}
, which
means that the map (49) detects entanglement of a
Werner state for v > 13 . On the other hand we may apply
the condition (28) with the map (49) to a singlet state,
which gives an operator with eigenvalues
{− v4 , v4 , v4 , v4}.
We see that the map generated by a Werner state (49)
can detect entanglement of a singlet state for all values
of v.
Although the above examples of positive maps are very
simple, we see that a different choice of an initial state
generates different map for the same metric. Can we
choose the metric tensor in a way which would lead to
the same map for arbitrary state? We will show that such
choice is possible only for a nonlinear and non-positive
map G.
B. New nonlinear geometric entanglement criterion
In the previous section we discussed several examples
of entanglement indicators (8) generated by some linear
maps G. They led us to experimentally friendly entan-
glement criteria, which however were not optimal for dis-
cussed classes of states. In this section we introduce a
new entanglement indicator, based on the following ex-
plicitly nonlinear map G:
G[ρ] = 1
4
∑
kl

∑
ij
Gijklsgn(Tij)

 σAk ⊗ σBl , (50)
which depends only on the sign of the elements of the
correlation tensor, but not on its values. The metric ten-
sor in the above formula is assumed to be the standard
one (41). The entanglement identifier (8) generated by
the map (50) has the following direct form:
√
dAdB
2
max
XA,Y B
dAdB−1∑
i,j=1
XAi Y
B
j sgn(Tij) <
dAdB−1∑
i,j=1
|Tij |,
(51)
1.5
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FIG. 3. Entanglement detection of two-qutrit Werner states
(52). The set of all entangled states is depicted by the outer-
most region (red line). The set of entangled states detected
by the condition (51) is depicted by the middle region (green
line), whereas the set of entangled states detected by the con-
dition (8) with a standard metric (41) is depicted by the inner
region (black line).
in which XA and Y B are local Bloch vectors. The above
condition can be treated as a geometric entanglement
identifier with a specific choice of the metric, namely the
RHS of (51) defines a norm called the Manhattan norm,
which gives rise to a distance measure on the space of
correlation tensors called the Manhattan (or taxicab) dis-
tance.
The entanglement identifier (51) turns out to be ex-
tremely useful. In the case of two discussed families of
two-qubit states (see Fig. 1 and 2) it perfectly detects en-
tanglement of all the states from both the families. This
is in sharp contrast with nonlinear entanglement indica-
tors proposed in [15] which achieve the same aim in the
limit of infinitely many improvements to the entangle-
ment witness. The discussed identifier (51) is also useful
for higher dimensional systems. Let us discuss the fol-
lowing family of two two-qutrit Werner-type states:
ρQtW = v |ψ(α, β)〉 〈ψ(α, β)| − 1− v
9
1, (52)
in which the pure two-qutrit state ψ(α, β) is given by:
|ψ(α, β)〉 = sin(α) cos(β) |00〉+ sin(α) sin(β) |11〉
+cos(α) |22〉 . (53)
If we fix β = pi/4 we get a two-parameter family of states
ρQtW (v, α), which can be represented on a plane with
two orthogonal axes corresponding to values of v and α.
The entanglement of this family of states can be uniquely
detected via PPT condition [25]. It turns out, that ex-
perimentally friendly entanglement identifier (51) is not
optimal, however it is much better than the one based on
linear map G (41) (see Fig. 3 for comparison).
8C. Nonlinear entanglement indentifiers and the
PPT criterion
In the previous sections we discussed how to transform
the functional entanglement identifier (8) into a positive-
map-based condition (28). The positive map (29) corre-
sponding to a given functional identifier has a very pecu-
liar form, namely it depends both on the map G generat-
ing the identifier, and on the state on which the identifier
acts. The question arises if we can to some extent reverse
the construction, namely fix the form of a positive map,
and search for a definite form of G which would generate
this map for every state ρ. The most interesting case is
the PPT map 1l⊗T , which for two qubits and qubit-qutrit
systems is a universal entanglement identifier. Note that
our map-based condition (28) is equivalent to the PPT
condition, if and only if the map ΛdG,ρ (29) is an identity
map. Can we find a form of G which would generate such
a map for every state? In general solving such a prob-
lem would require solving a system of highly nonlinear
equations, however in the case of two-qubit systems the
solution can be quite easily guessed:
Proposition 6. Let us assume that dA = dB = 2, and
we choose the same operator basis {σi} for both subsys-
tems. Then the choice of a nonlinear map G (35) with
tensor Gijkl = −δijδjlδik[{i, j, k, l} 6= 0], and a constant
function f(x) = const(x) = 1:
GPPT[ρ] = −1
4
3∑
kl=1

 3∑
ij=1
δijδjlδikconst(Tij)

σk ⊗ σl
= −1
4
3∑
i=1
σi ⊗ σi, (54)
generates an identity map (29):
ΛdGPPT,ρ[λ] = λ
for any ρ and λ.
Proof. See Appendix E.
Note that the map GPPT is neither linear nor generates
it a metric (36). It gives rise to the following functional
entanglement indicator (8):
3∑
i=1
Tii < −1. (55)
The above indicator detects entanglement of a singlet
state (for which Tii = −1 and therefore the LHS is
−3), however it fails to detect entanglement of other Bell
states. On the contrary the PPT map detects entangle-
ment of all two-qubit states.
IV. THE CASE OF MULTIPARTITE
ENTANGLEMENT
Insofar we discussed the bipartite entanglement. How-
ever, as discussed in [8], the metric-based entanglement
criteria (3) work for detection of arbitrary level of par-
tial separability in the multipartite case. One of the
most important conclusions from [8] is that in order to
prove a genuine entanglement one needs to reject bisepa-
rability with respect to all possible bipartitions using the
metric-based conditions (40). Is it possible to use all the
introduced framework of non-linear functional entangle-
ment identifiers to the multipartite case? The answer
is positive, however in such a generalization we loose
one important property. Namely the connection with
positive-map based condition fails in this case. Let us
discuss it in more details in the case of checking genuine
entanglement by rejecting biseparability. One can still
use the relation (45) to construct a positive-map-based
criterion for any bipartition. The problem is that the
functional identifier (8) applied to all bipartitions de-
tects only genuine entanglement, whereas the positive
map (45) corresponding to it can detect also a bipar-
tite entanglement, which is not interesting in this case.
Let us show it directly on the example of a three-qubit
W state |W 〉 = 1√
3
(|100〉 + |010〉 + |001〉) mixed with a
white noise:
ρW (v) = v |W 〉 〈W |+ 1− v
8
1. (56)
Since the above state is symmetric with respect to all
subsystems, the values of the entanglement identifiers
must be the same for all bipartitions. Let us then fix the
bipartition AB|C, where A,B, C represent state spaces
of the consecutive qubits. According to [8] the entan-
glement identifier (40) with a standard metric tensor
Gi1,i2,i3j1,j2,j3 = δi1,j1δi2,j2δi3,j3 rejects biproduct character of
the state within a bipartition AB|C for v > 0.636. Since
rejecting a biproduct character of a state with respect
to all bipartitions using the metric-based identifiers is
equivalent to rejecting a biseparability of a state, the
metric-based condition detects genuine 3-partite entan-
glement of a state (56) for v > 0.636. However, this is
not the optimal value, which is given by v > 0.521 [26].
Now let us consider the map-based version of this met-
ric identifier (45), with subsystem A = AB and B = C.
As a basis for subsystem A we choose the product ba-
sis σA
i(i1,i2)
= σAi1 ⊗ σBi2 . Then the map (45) takes the
following form:
Λd
Gˆ,ρW (v)
[λ] =
1
4
T˜001
AB −
3∑
i1,i2,j=1
Ti1i2jTr(σ
C
j λ)σ
A
i1
⊗ σBi2 .
(57)
The map-based condition (28) using the above map (57)
to the state (56) detects entanglement for v > 0.456.
Since this value is below the genuine entanglement value
9v = 0.521, it is clear that the map (57) detects a bi-
partite entanglement present in the state (56). The rea-
son for this is that the map (57) detects bipartite entan-
glement for two pairs of subsystems {A, C} and {B, C}.
This entanglement is not detected by the metric-based
condition, since the entire state ρW (v < 0.521) — al-
though containing bipartite entanglement — is bisepa-
rable, and the metric-based condition (8) for detecting
genuine entanglement is by definition positive on bisep-
arable states. Therefore detecting genuine entanglement
with map-based conditions demands a redefinition of a
condition (28) in order to make the LHS of this condi-
tion positive for biseparable states [5, 7].
V. DISCUSSION
In this note we presented a generalized purely algebraic
approach to nonlinear entanglement identifiers, which in
many cases turns out to be experimentally friendly. We
showed that such identifiers can be always transformed to
a positive map-based versions. The map-based versions
are similar in form to the former known map criteria due
to Horodecki [3, 4], however the maps are explicitly ad-
justed to the investigated states. This property implies,
that the final criteria involve nonlinear functions of inves-
tigated states. The provided relations allow for explicit
constructions of positive maps which can detect entangle-
ment of a broad class of states. It would be interesting to
find conditions for the functional identifiers under which
the corresponding positive maps have important specific
properties, like decomposability or extremality.
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Appendix A: Choi-Jamiolkowski isomorphism for
arbitrary vector spaces
We introduce a version of the Choi-Jamiolkowski iso-
morphism [20–22], which works for any vector spaces of
finite dimension. Let us assumeHA andHB are two finite
dimensional vector spaces enowed with a scalar product:
|v1) · |v2) ≡ (v1|v2). (A1)
We will use a bra-ket type notation, although we need
not specify to which physical objects the vectors |v1) and
|v2) correspond. There exists a unique algebraic tensor
product HA ⊗HB, which is the freest vector space com-
posed of formal objects |v1)⊗ |v2) that is bilinear (linear
in both factors). We also assume that for every vector
|v) there exits its dual (v| ∈ H∗, which plays the role of
a linear functional on the space H:
(v|(x) = (v|x). (A2)
Proposition 7. There exists a natural isomorphism be-
tween the vector spaces HA⊗HB , HB⊗H∗A and L(HA 7→
HB), represented by the objects:∑
i,j
vij |i)⊗ |j),
∑
i,j
vij |j)⊗ (i|,
∑
i,j
vij(i|·)|j), (A3)
which is specified by the bijections:
∑
i,j
vij |i)⊗ |j) =

1l⊗∑
i,j
vij|j)⊗ (i|

∑
m
|m)⊗ |m),
=

1l⊗∑
i,j
vij(i|·)|j)

∑
m
|m)⊗ |m),
(A4)
in which the object
∑
m |m) ⊗ |m) is the maximally en-
tangled element of HA ⊗HA.
Proof. All the vector spaces HA ⊗ HB, HA ⊗ H∗B and
L(HB 7→ HA) have dimension dim(HA) dim(HB), there-
fore are isomorphic. The special forms of bijection be-
tween them provided by (A4) hold trivially:
1l⊗∑
i,j
vij|j)⊗ (i|

∑
m
|m)⊗ |m),
=

1l⊗∑
i,j
vij(i|·)|j)

∑
m
|m)⊗ |m)
=
∑
m
|m)⊗
∑
i,j
vij(i|m)|j)
=
∑
m,i,j
vij(i|m)|m)⊗ |j) =
∑
m,i,j
vijδim|m)⊗ |j)
=
∑
i,j
vij |i)⊗ |j). (A5)
In the first step we use the natural identification of HB⊗
C with HB .
Appendix B: Proof of Proposition 2
Proof.
Tr (α1ΛG,ρ[α2]) = Tr

α1∑
ij
wG,ρij Tr
(
σAi α2
)
σBj


=
∑
ij
wG,ρij Tr
(
α1σ
B
j
)
Tr
(
σAi α2
)
.(B1)
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On the other hand:
Tr
(
ΛdG,ρ[α1]α2
)
= Tr

∑
ij
wG,ρij Tr
(
σBj α1
)
σAi α2


=
∑
ij
wG,ρij Tr
(
α1σ
B
j
)
Tr
(
σAi α2
)
.(B2)
Appendix C: Proof of Proposition 4
Proof. First let us note, that due to the fact T 2 = 1l, the
formula (23) is equivalent to:
∑
m
σm ⊗ σTm = ρΦ+ . (C1)
Since {σi}d2i=1 forms a Hermitian orthonormal basis of d×
d matrices, then vectors {|σi〉〉}d2i=1 form an orthonormal
basis of Cd
2
= Cd ⊗ Cd, where the vector |ρ〉〉 denotes
vectorized (reshaped in lexicographical order) version of a
matrix ρ. The orthonormality and completeness ensures
us that ∑
m
|σm〉〉〈〈σm| = 1d2 , (C2)
which in terms of matrix elements in computational basis
reads
〈ij|
∑
m
|σm〉〉〈〈σm| kl〉 =
∑
m
〈ij |σm〉〉〈〈σm| kl〉
=
∑
m
〈i|σm |j〉 〈k|σm |l〉 =
∑
m
〈i|σm |j〉 〈k|σTm |l〉
= δikδjl.
(C3)
Now, using the above we write elements of matrix∑
m σm ⊗ σTm and show that they are equal to elements
of matrix ρΦ+ ,
〈ij|
∑
m
σm ⊗ σTm |kl〉 =
∑
m
〈i|σm |k〉 〈j|σTm |l〉 = δijδkl
= 〈ij|
(∑
mn
|mm〉 〈nn|
)
|kl〉 = 〈ij| ρΦ+ |kl〉 . (C4)
Which gives us the result.
Appendix D: Proof of Proposition 5
Proof. It suffices to show that:
wG,ρij = T˜ij −
∑
kl
GklijTkl, (D1)
in which the only nonzero element of the tensor T˜ is
T˜00 =
√
dAdB
2 maxXˆ,Yˆ
∑
klmnXkYlG
kl
mnTmn. Taking the
definition of wG,ρij we have:
wG,ρij = Tr(WG [ρ]σ
A
i ⊗ σBj ) = Tr((ω˜01− G[ρ])σAi ⊗ σBj )
= ω˜0Tr(σ
A
0 )Tr(σ
B
0 )− Tr(G[ρ]σAi ⊗ σBj )
= 2
√
dAdB ω˜0 −
∑
kl
GklijTkl
=
√
dAdb
2
max
Xˆ,Yˆ
∑
klmn
XkYlG
kl
mnTmn −
∑
kl
GklijTkl.
(D2)
Appendix E: Proof of Proposition 6
Proof. For HA = HB and a choice of local operator basis
in the form {σi} the map (29) is an identity map if and
only if wG,ρij = δij . Indeed, for any λ the action of this
map reads:
ΛdG,ρ[λ] =
∑
ij
1
4
wG,ρij Tr (σjλ) σi =
∑
ij
1
4
δij Tr (σjλ) σi
=
∑
i
Tr
(
1
4
σiλ
)
σi = λ (E1)
and represents a decomposition of λ in the operator basis
{σi}. Therefore it suffices to show that a choice of the
map GPPT in the form (54) guarantees that wG,ρij = δij .
Let us check it directly:
wG,ρij = Tr(WG [ρ]σi ⊗ σj) = Tr((ω˜0(ρ)1l− G[ρ])σi ⊗ σj)
= max
Xˆ,Yˆ
(
−
∑
klmn
XkYl
)
[{i, j} = 0] +
∑
kl
δijδjlδik
= [{i, j} = 0] + δij [{i, j} 6= 0] = δij . (E2)
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